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α-cluster correlations in the 0+1 and 3
−
1 states of
12C and 16O are studied using the method of
antisymmetrized molecular dynamics, with which nuclear structures are described from nucleon
degrees of freedom without assuming existence of clusters. The intrinsic states of 12C and 16O
have triangle and tetrahedral shapes, respectively, because of the α-cluster correlations. These
shapes can be understood as spontaneous symmetry breaking of rotational invariance, and the
resultant surface density oscillation is associated with density wave (DW) caused by the instability
of Fermi surface with respect to particle-hole correlations with the wave number λ = 3. 16O(0+1 )
and 16O(3−1 ) are regarded as a set of parity partners constructed from the rigid tetrahedral intrinsic
state, whereas 12C(0+1 ) and
12C(3−1 ) are not good parity partners as they have triangle intrinsic
states of different sizes with significant shape fluctuation because of softness of the 3α structure.
E3 transition strengths from the 3−1 to 0
+
1 states in
12C and 16O are also discussed.
I. INTRODUCTION
Nuclear deformation is one of typical collective motions in nuclear systems. It is known that the ground states of
nuclei often have static deformations in the intrinsic states, which are regarded as spontaneous symmetry breaking of
the rotational invariance due to many-body correlations. Not only normal deformations of axial symmetric quadrupole
deformations but also triaxial and octupole deformations have been attracting interests.
In light nuclear systems, further exotic shapes owing to cluster structures have been suggested. For instance, a
triangle shape in 12C and a tetrahedral one in 16O have been discussed using cluster models, which a priori assume
3α- and 4α-cluster structures for 12C and 16O. In old days, non-microscopic α-cluster models have been applied in
order to understand the energy spectra of 12C and 16O [1, 2]. Wheeler has suggested low-lying 3− states of 12C and
16O as vibration of the triangle and tetrahedral configurations of 3 and 4 α particles, respectively [1]. These states
are now considered to correspond to the lowest negative-parity states 12C(3−1 , 9.64 MeV) and
16O(3−1 , 6.13 MeV)
established experimentally. In 1970’s, semi-microscopic cluster models [3–13], a molecular orbital model [14], and also
a hybrid method of shell model and cluster model [15] have been applied in order to investigate cluster structures of
12C and 16O.
For 12C, the ground state is considered to have the triangle shape because of the 3α-cluster structure. In addition,
a further prominent triangle 3α structure has been suggested in 12C(3−1 , 9.64 MeV). The 0
+
1 and 3
−
1 states in
12C are
often described as partners constructed by the rotation of the equilateral triangle 3α configuration having the D3h
symmetry even though the cluster structure of the ground state, 12C(0+1 ), may not be as prominent as that of the
12C(3−1 ). In cluster models, α clusters are a priori assumed and it is not be able to check cluster formation. Using
the method of antisymmetrized molecular dynamics (AMD) [16, 17, 17, 19, 20], one of the authors (Y. K-E.) has
confirmed the 3α cluster formation in 12C from nucleon degrees of freedom without assuming existence of clusters for
the first time [21, 22]. The AMD result for 12C was supported by the calculation of the method of Fermionic molecular
dynamics [23], which is a similar method to the AMD. Recently, ab initio calculations using realistic nuclear forces
have been achieved for 12C and reported the 3α cluster formation in 12C [24–26]. In contrast to the triangle shape
in the 12C(0+1 ) and
12C(3−1 ), a 3α cluster gas-like state without a specific shape has been suggested for the 0
+
2 state
by cluster models [5, 7–10, 12, 27]. In such a cluster gas state, α particles are weakly interacting like a gas and the
normal concept of nuclear deformation may be no longer valid.
Let us consider the cluster phenomena in 12C from the viewpoint of symmetry breaking. Since the Hamiltonian of
nuclear systems has rotational invariance, a nucleus has a spherical shape if the rotational symmetry is not broken,
However, in the intrinsic state of 12C(0+1 ), the spherical shape changes to the triangle shape via the oblate shape
because of the α-cluster correlation. It means the symmetry breaking from the rotational symmetry to the axial
symmetry, and to the D3h symmetry. In the group theory, it corresponds to O(3) → D∞h → D3h. This symmetry
breaking from the continuous group to the discrete (point) group in the triangle shape is characterized by surface
density oscillation, namely, a standing wave at the edge of the oblate state, and can be regarded as a kind of density
wave (DW) caused by the particle-hole correlation carrying a finite momentum. This is analogous to the DW in
infinite matter with inhomogeneous periodic density, which has been an attractive subject in various field such as
nuclear and hadron physics [28–46] as well as condensed matter physics [47, 48]. Indeed, in our previous work, we
2have extended the DW concept to the surface density oscillation of finite systems and connected the triangle shape
with the DW on the oblate state [49].
Similarly to the triangle shape with the D3h symmetry in
12C, a tetrahedral shape with the Td symmetry in
16O
has been suggested based on 4α-cluster model calculations in order to understand 16O(3−1 , 6.13 MeV) [1, 3, 13], The
tetrahedron shape is supported also by experimental data such as the strong E3 transition for 3−1 → 0+1 [50] and
α-transfer cross sections on 12C [51]. In 4α-cluster models, the tetrahedral shape has been suggested also for the
ground state of 16O [3, 13]. Moreover, algebraic approaches for the 4α system have been recently applied to describe
the energy spectra of 16O based on the Td symmetry and its excitation modes [52]. However, the cluster formation nor
the tetrahedral shape in 16O have not been confirmed yet. In Hartree-Fock calculations, the spherical p-shell closed
state is usually obtained for the ground state solution except for calculations using particularly strong exchange
nuclear interactions [53–55]. Recently, we applied the AMD method to 16O and found a tetrahedral shape with the
4α-cluster structure with a microscopic calculation from nucleon degrees of freedom without assuming existence of
clusters [56]. More recently, in a first principle calculation using the chiral nuclear effective field theory, the tetrahedral
configuration of 4α has been found in the ground state of 16O[57].
The possible tetrahedral shape in 16O may lead to symmetry breaking from continuous to discrete groups; the
breaking of the O(3) symmetry to the Td symmetry. Problems for
16O to be solved are as follows: Does the symmetry
breaking occurs to form the tetrahedral shape in the ground state? Can the tetrahedral shape be understood as a
kind of DW? Whether the 0+1 and 3
−
1 states can be understood as a set of partners constructed by projection from a
single intrinsic state with the tetrahedral shape? What are analogies with and differences from 12C?
Our aim is to clarify the α-cluster correlations and intrinsic shapes of the 0+1 and 3
−
1 states in
16O and compare
them with those in 12C. To confirm the problem whether the tetrahedron shape is favored in the intrinsic states of
16O, we perform variation after spin-parity projection (VAP) in the framework of AMD [21]. The AMD+VAP method
has been proved to be useful to describe structures of light nuclei and succeeded to reproduce properties of the ground
and excited states of 12C [21, 22]. By analyzing the obtained results for the 0+1 and 3
−
1 states of
12C and 16O, we show
that triangle and tetrahedral intrinsic shapes arise because of α-cluster correlations in 12C and 16O, respectively. We
also give a simple cluster model analysis using the Brink-Bloch (BB) α-cluster wave function [59] the appearances of
the triangle and tetrahedral shapes in 12C and 16O, respectively.
This paper is organized as follows. In the next section, the framework of the AMD+VAP is explained. The results
for 12C and 16O obtained using the AMD+VAP are shown in Sec. III. In Sec. IV, we give discussions based on cluster
model analysis and show correspondence of cluster wave functions to surface DWs. A summary is given in Sec. V.
II. VARIATION AFTER PROJECTION WITH AMD WAVE FUNCTION
We explain the AMD+VAP method. For the details of the AMD framework, the reader is refereed to, for instance,
Refs. [20, 21]. In the AMD framework, we set a model space of wave functions and perform the energy variation to
obtain the optimum solution in the AMD model space. An AMD wave function is given by a Slater determinant of
Gaussian wave packets,
ΦAMD(Z) =
1√
A!
A{ϕ1, ϕ2, ..., ϕA}, (1)
where the ith single-particle wave function is written by a product of spatial, intrinsic spin, and isospin wave functions
as
ϕi = φXiχ
σ
i χ
τ
i , (2)
φXi(rj) =
(
2ν
π
)4/3
exp
{−ν(rj − Xi√
ν
)2
}
, (3)
χσi = (
1
2
+ ξi)χ↑ + (
1
2
− ξi)χ↓. (4)
φXi and χ
σ
i are the spatial and intrinsic spin functions, and χ
τ
i is the isospin function fixed to be pro-
ton or neutron. Accordingly, the AMD wave function is expressed by a set of variational parameters, Z ≡
{X1,X2, . . . ,XA, ξ1, ξ2, . . . , ξA}. The width parameter ν relates to the size parameter b as ν = 1/2b2 and is chosen
to be ν = 0.19 fm−2 that minimizes energies of 12C and 16O. Gaussian center positions X1, . . . ,XA and intrinsic
spin orientations ξ1, . . . , ξA for all single-nucleon wave functions are independently treated as variational parameters.
Therefore, in the AMD framework, nuclear structures are described from nucleon degrees of freedom without assuming
existence of clusters. Despite of it, the model wave function can describe various cluster structures owing to the the
3flexibility of spatial configurations of Gaussian centers and also shell-model structures because of the antisymmetriza-
tion. If a cluster structure is favored in a system, the corresponding cluster structure is automatically obtained in the
energy variation.
An AMD wave function is regarded as an intrinsic wave function and usually does not have rotational symmetry.
To express a Jpi state, an AMD wave function is projected onto the spin-parity eigenstate,
Φ(Z) = P JpiMKΦAMD(Z), (5)
where P JpiMK is the spin-parity projection operator. The spin-parity projection can be understood as restoration of the
symmetry. To obtain the wave function for the Jpi state, variation after projection (VAP) is performed with respect to
variational parameters {Z} of the AMD wave function. Namely, we perform the variation of the energy expectation
value 〈Φ(Z)|H |Φ(Z)〉/〈Φ(Z)|Φ(Z)〉 for the Jpi projected AMD wave function and obtain the optimum parameter
set {ZoptJpi } for the Jpi state. This method is called AMD+VAP. The AMD wave function before the projection is
expressed by a single Slater determinant. However, the spin-parity projected AMD wave function is no longer a Slater
determinant and contains some kind of correlations beyond the Hartree-Fock approach.
III. AMD+VAP RESULTS OF 12C AND 16O
We perform the AMD+VAP calculation to obtain the lowest positive- and negative-parity states, 0+1 and 3
−
1 , of
12C
and 16O and discuss properties of the obtained states such as intrinsic shapes, cluster structures, and E3 transitions.
A. Intrinsic shapes of 12C and 16O
The density distribution of the intrinsic wave functions ΦAMD(Z
opt
0+ ) ΦAMD(Z
opt
3− ) for
12C and 16O obtained using the
AMD+VAP are shown in Figs. 1 and 2. 12C(0+1 ) and
12C(3−1 ) show triaxial deformations with triangle shapes, while
16O(0+1 ) and
16O(3−1 ) show tetrahedral shapes. The quadrupole deformation parameters (β, γ) are (β, γ) = (0.31, 0.13)
and (0.33, 0.11) for 12C(0+1 ) and
12C(3−1 ), respectively, and (β, γ) = (0.24, 0.09) for
16O(0+1 ) and
16O(3−1 ). The
triangle and tetrahedral shapes are caused by α-cluster correlations. Strictly speaking α clusters in the obtained
wave functions do not have ideal (0s)4 configuration but contain some cluster dissociation. Moreover, the intrinsic
shapes are somewhat distorted from the regular triangle and tetrahedral shapes as an α cluster is situated slightly far
from other αs. Nevertheless, these states show surface density oscillation with the wave number λ = 3 as a leading
component as shown later.
The deformation mechanism of 12C and 16O is interpreted from the viewpoint of symmetry breaking. The highest
symmetry is the sphere, which is realized in the uncorrelated limit; the p3/2- and p-shell closed configurations of
12C and 16O, respectively. Owing to many-body correlations, the symmetry can break into a lower symmetry.
Let us consider the intrinsic shape of 12C. Because of the α-cluster correlation, the rotational symmetry of the
spherical state breaks to the axial symmetry of an oblate state and changes to the D3h symmetry of the regular
triangle 3α configuration, which breaks into the distorted triangle in the AMD+VAP result. The symmetry change,
spherical→oblate→triangle, corresponds to O(3)→ D∞h → D3h. Similarly, the intrinsic shape of 16O is understood
as the symmetry breaking O(3) → Td from the spherical state to the tetrahedral 4α configuration. Note that
the continuous group symmetries break to the discrete (point) group ones in the triangle and tetrahedron shapes.
The symmetry breaking caused by the α-cluster correlations can be understood as DWs, which cause static density
oscillation at the nuclear surface. As described in the next section, the DWs for the triangle and tetrahedral shapes
are characterized by the surface density oscillation with the wave number λ = 3. The order parameter of the DW for
the triangle shape in 12C is (Y −33 −Y +33 )/
√
2 component in the dominant Y 02 component, and that for the tetrahedral
shape in 16O is (
√
5Y 03 +
√
2Y −33 −
√
2Y +33 )/3 component.
To analyze the surface density oscillation in the 0+1 and 3
−
1 states of
12C and 16O obtained using the AMD+VAP,
we perform the multipole decomposition of the intrinsic density at r = R0 as
ρ(R0, θ, φ) = ρ¯(R0)
∑
λµ
αλµY
µ
λ (θ, φ), (6)
and discuss the λ = 3 components. In the present analysis, we take R0 to be root-mean-square (rms) radii of the
intrinsic states. ρ¯(R0) is determined by normalization α00 = 1. αλµ = (−1)µα∗λ−µ because ρ(r = R0, θ, φ) is real.
The density at r = R0 on the θ-φ plane and that at the θ = π/2 for
12C are shown in Fig. 3. As clearly seen, the
intrinsic states of 12C(0+1 ) and
12C(3−1 ) show surface density oscillation with the wave number λ = 3 on the oblate
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FIG. 1: (color on-line) Density distributions for intrinsic states of (left) 12C(0+1 ) and (right)
12C(3−1 ) obtained by the AMD+VAP
calculation. The densities integrated on the z, x, and y axes are plotted on the x-y, y-z, and z-x planes, respectively.
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FIG. 2: (color on-line) Density distributions for intrinsic states of (left) 16O(0+1 ) and (right)
16O(3−1 ) obtained by the AMD+VAP
calculation. The densities integrated on the z, x, and y axes are plotted on the x-y, y-z, and z-x planes, respectively.
edge, which comes from the triangle 3α configuration. Figure 4 shows the amplitudes αλµ of Y
µ
λ component of the
surface density. It is found that the surface density oscillation is characterized by the λ = 3 component reflecting the
breaking of the axial symmetry from the oblate shape to the triangle shape in 12C.
For the intrinsic density of 16O, we show the θ-φ plot in Fig. 5, and the amplitudes αλµ in Fig. 4, in which the
tetrahedral component
√
5Y 03 /3+
√
2Y +33 /3−
√
2Y −33 /3 is shown by the hatched boxes at α30 and α33. The open boxes
indicate the distortion from the regular tetrahedron. 16O shows the surface density oscillation with the dominant
tetrahedral component reflecting that the rotational symmetry is broken mainly into the Td symmetry.
The present result indicates that, the symmetry breaking from the axial symmetry to D3h symmetry in
12C and
5that from the rotational symmetry to Td symmetry in
16O occur because of the α-cluster correlations with triangle
and tetrahedral configurations, respectively. As a result, the intrinsic states of the 0+1 and 3
−
1 states in
12C (16O)
show the surface density oscillation with the dominant λ = 3 components, which are interpreted as the DW on the
oblate (spherical) shape.
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FIG. 3: (color on-line) Surface density at r = R0 for
12C(0+1 ) and
12C(3−1 ) calculated using the AMD+VAP. R0 is 2.45 fm for
0+1 and 3.03 fm for 3
−
1 . (top) Density plotted on the θ-φ plane. (bottom) Density at θ = pi/2 (solid lines). Density for the ideal
D3h symmetry is plotted for a eye guide by dashed lines.
B. Properties of 0+1 and 3
−
1 states
TABLE I: Binding energies (MeV), excitation energies (MeV) for the 3−1 states, rms radii (fm), and the E3 transition strengths
B(E3; 3−1 → 0+1 ). The experimental rms radii of the ground states are the rms point-proton radii that are reduced from the
charge radii [62].
B.E. Ex(3−) rmsr(0+1 ) rmsr(3
−
1 ) B(E3)
12C exp 92.16 9.64 2.309(2) 103(17)
12C 1-base 86.6 11.8 2.41 2.98 5.3
12C 2-base 87.6 11.9 2.51 2.90 41
12C 23-base 88.0 10.8 2.53 3.13 61
16O exp 127.62 6.13 2.554(5j 205(106)
16O 1-base 122.9 9.4 2.69 2.70 151
16O 2-base 122.9 8.9 2.69 2.71 163
Let us discuss the observable properties of the 0+1 and 3
−
1 states such as rms radii and E3 strengths for 3
−
1 → 0+1 )
compared with the experimental data. As shown previously, the intrinsic states of 12C and 16O show the surface
density oscillation with the dominant λ = 3 component. If the 0+1 and 3
−
1 states are constructed from an intrinsic
state with the λ = 3 component, they can be regarded as a set of parity partners and have a strong E3 transition
between them. As seen in Fig. 2, the intrinsic structures of 16O(0+1 ) and
16O(3−1 ) are quite similar to each other.
However, those of 12C(0+1 ) and
12C(3−1 ) are not so similar, but they show a difference in the development of the 3α
cluster. It means softness of the 3α structure, and therefore, shape fluctuation is expected in realistic 12C(0+1 ) and
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FIG. 4: Y µλ components (αλµ) of the intrinsic surface density at r = R0 for
12C(0+1 ),
12C(3−1 ),
16O(0+1 ), and
16O(3−1 ) calculated
using the AMD+VAP. The hatched areas for 16O indicate the tetrahedron component
√
5Y 03 /3+
√
2Y +33 /3−
√
2Y −33 /3 defined
by αhatch30 ≡
√
5/2α33 and α
hatch
33 ≡ α33.
12C(3−1 ). In order to improve the wave functions for J
pi states by taking into account the possible shape fluctuation, we
superpose the basis wave functions obtained by the AMD+VAP for different Jpi states as is done in usual AMD+VAP
calculations as
Ψ(Jpi) =
∑
(Jpi)′,K
c(Jpi)′,KP
Jpi
MKΦAMD(Z
opt
(Jpi)′), (7)
where coefficients c(Jpi)′,K are determined by diagonalization of Hamiltonian and norm matrices. We call the calcu-
lation using one base with the summation (Jpi)′ = Jpi and K = −J, . . . ,+J “1-base calculation” and that using two
bases with the summation (Jpi)′ = 0+, 3− and K = −J, . . . ,+J “2-base calculation”. Here K-mixing is considered in
Ψ(Jpi). In the previous works [21, 22], we have performed further superposition of 23 wave functions, which we call
“23-base calculation” in this paper.
In Table I, we show energies, rms radii, and E3 transition strengths for 12C and 16O. The experimental excitation
energies of 12C(3−1 ) and
16O(3−1 ) are reasonably reproduced by the calculations. The fact that 1-base and 2-base
calculations give almost the same result for 16O(0+1 ) and
16O(3−1 ) indicates that these two states have small shape
fluctuation and can be understood as a set of parity partners constructed from the rigid intrinsic state with the
tetrahedral shape. The E3 strengths for 16O obtained by 1-base and 2-base calculations reproduce well the large
B(E3) of the experimental data. This also supports the tetrahedral shape of the intrinsic state in 16O. By contrast,
the experimental B(E3) for 12C is much underestimated by 1-base calculation. The B(E3) is largely enhanced
by 2-base calculation mainly because of the shape fluctuation in 12C(0+1 ). Considering that both ΦAMD(Z
opt
(0+)) and
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FIG. 5: (color on-line) Surface density at r = R0 for
16O(0+1 ) and
16O(3−1 ) calculated using the AMD+VAP. R0 = 2.75 fm for
0+1 and R0=2.77 fm for 3
−.
ΦAMD(Z
opt
(3−)) shows triangle shapes but they have different amplitudes (α33) of Y
±3
3 component, the shape fluctuation
is regarded as amplitude fluctuation of the triangle shape that is taken into account by superposing ΦAMD(Z
opt
0+
1
) and
ΦAMD(Z
opt
3−
1
) in 2-base calculation. A further enhanced B(E3) is obtained by 23-base calculation, which reasonably
reproduces the experimental data.
In terms of harmonic-oscillator (ho) shell-model basis expansion, the shape fluctuation causes mixing of higher
shell components. In order to quantitatively discuss the higher shell mixing, we calculate occupation probability of a
Nshell-shell in the ho shell-model expansion for the obtained wave functions Ψ(J
pi) as was done in Refs. [60, 61]. Here,
we choose the ho width to be b used for the AMD wave function and define Nshell = 0 for the lowest 0~ω configuration.
Figure 6 shows the occupation probability for 12C. For 12C(3−1 ), the probability is distributed widely in the higher
shell region. However, 12C(0+1 ) still has the dominant Nshell = 0 component as 90% in 1-base calculation and 80% in
2-base and 23-base calculations. Non-negligible Nshell ≥ 4 components in 12C(0+1 ) are found in 2-base and 23-base
calculations and they contribute to the enhancement of the E3 strength. Differences in the probability distribution
between 1-base, 2-base, and 23-base calculations and that between 12C(0+1 ) and
12C(3−1 ) indicate significant shape
fluctuation in 12C originating in softness of the triangle 3α structure. Figure 7 shows the occupation probability for
16O. The occupation probability distributions for 16O(0+1 ) and
16O(3−1 ) are similar to each other. Moreover, they are
not sensitive to the number of base wave functions. These results indicate that these two states in 16O can be regarded
as a set of parity partners constructed from the rigid tetrahedral intrinsic state. Both states contain significant mixing
of higher-shell components as approximately 50% indicating the significant ground state correlation because of the
tetrahedral 4α structure.
IV. DISCUSSIONS BASED ON CLUSTER MODEL ANALYSIS
In the previous section, we found the triangle and tetrahedral shapes in the intrinsic states of 12C and 16O calculated
using the AMD+VAP, in which we treat nucleon degrees of freedom without assuming existence of clusters. In this
section, we give more fundamental discussions on the triangle 3α and tetrahedral 4α structures based on simple
analyses using a cluster model. We consider the 3α- and 4α-cluster wave functions given by the BB α-cluster model
and show that the triangle 3α and tetrahedral 4α states correspond to the surface DWs with the wave number λ = 3.
We also discuss the role of Pauli blocking between clusters in the triangle and tetrahedral shapes.
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FIG. 6: Occupation probability of the Nshell-shell in the harmonic oscillator expansion for
12C obtained by 1-base, 2-base, and
23-base calculations.
A. Brink-Bloch α-cluster wave function
The BB α-cluster wave function ΦBBnα [59] for an even-even Z = N = 2n (A = 4n) nucleus is described by the
following nα-cluster wave function consisting of (0s)4 α clusters as
ΦBBnα (S1, . . . ,Sn) = n0A{Φα(S1)Φα(S2) . . .Φα(Sn)} , (8)
Φα(Sk) = ψSk,p↑(4k + 1)ψSk,p↓(4k + 2)ψSk,n↑(4k + 3)ψSk,n↓(4k + 4), (9)
ψSk,τσ(j) =
(
2ν
π
)4/3
exp
{−ν(rj − Sk)2}Xστ (j), (10)
where Xτσ is the spin-isospin wave function with τ = {p, n} and σ = {↑, ↓}. ΦBBnα is specified by the spatial configu-
ration {S1, . . . ,Sn}, which indicate center positions of α clusters.
Note that the BB wave function is included in the AMD model space. Namely, when the parameters for the AMD
wave function are chosen as
X4k−3 = X4k−2 = X4k−1 = X4k = Sk
√
ν, (11)
χσ4k−3χ
τ
4k−3 = Xp↑, (12)
χσ4k−2χ
τ
4k−2 = Xp↓, (13)
χσ4k−1χ
τ
4k−1 = Xn↑, (14)
χσ4kχ
τ
4k = Xn↓, (15)
with k = 1, . . . , n, the AMD wave function is equivalent to the BB α-cluster wave function.
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FIG. 7: Occupation probability of the Nshell-shell in the harmonic oscillator expansion for
16O obtained by 1-base and 2-base
calculations.
B. Surface density oscillation of BB wave functions
As explained in Ref. [49], the BB 3α-cluster wave function for the regular triangle configuration with a small
inter-cluster distance (d) can be rewritten as
ΦBB3α,small-d(ǫ) ≈
∏
τσ
{
ψho00Xτσ(ψho1−1 + ǫψho2+2)Xτσ(ψho1+1 − ǫψho2−2)Xτσ
}
, (16)
where ψholm is the harmonic oscillator single-particle orbit, and ǫ is a small real value of the order O(d). Here, O(ǫ2)
and higher terms in the spatial part for Xτσ are omitted. ǫ is regarded as the order parameter for breaking of the
axial symmetry. The density of the ΦBB3α,small-d(ǫ) state at r = (r, θ, φ) is given as
ρ(r) =
4
π3/2b3
e−
r
2
b2
{
1 + 2
r2
b2
sin2(θ) + ǫ2
√
2
r3
b3
sin3(θ)(e−3iφ − e3iφ) +O(ǫ2)
}
, (17)
and its multipole decomposition at r = R0 is
ρ(R0, θ, φ) =
8
π1/2b3
e−
R
2
0
b2
{
(1 +
4
3
R20
b2
)Y 00 (θ, φ) −
4
3
√
5
R20
b2
Y 02 (θ, φ) + ǫ
8√
35
R30
b3
(
Y −33 (θ, φ)√
2
− Y
+3
3 (θ, φ)√
2
)
+O(ǫ2)
}
.
(18)
In a similar way, the BB 4α-cluster wave function for the regular tetrahedral configuration with a small distance
can be rewritten as
ΦBB4α,Td(ǫ) ≈
∏
τσ
{
ψho00Xτσψho10Xτσ(ψho1−1 + ǫψho2+1)Xτσ(ψho1+1 + ǫψho2−1)Xτσ
}
. (19)
The density of the ΦBB4α,small-d state is
ρ(r) =
4
π3/2b3
e−
r
2
b2
{
1 + 2
r2
b2
sin2(θ) + ǫ
√
2
r3
b3
sin2(θ)(e2iφ + e−2iφ) +O(ǫ2)
}
, (20)
and its multipole decomposition at r = R0 is
ρ(R0, θ, φ) =
8
π1/2b3
e−
R
2
0
b2
{
(1 + 2
R20
b2
)Y 00 (θ, φ) + ǫ
√
32
105
R30
b3
(
Y −23 (θ, φ)√
2
+
Y +23 (θ, φ)√
2
) +O(ǫ2)
}
. (21)
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Equations (21) and (21) indicate the surface density oscillation with the wave number λ = 3. Note that the Y ±23
terms in (21) can be transformed to
Y −23 (θ
′, φ′)√
2
+
Y +23 (θ
′, φ′)√
2
=
√
5
3
Y 03 (θ, φ) +
√
2
3
Y −33 (θ, φ)−
√
2
3
Y +33 (θ, φ) (22)
by a Ω rotation (θ, φ)→ RΩ(θ, φ) = (θ′, φ′).
C. DW-type correlation at Fermi surface of BB wave functions
In particle-hole representation on the Fermi surface defined by the ǫ = 0 case, the ΦBB3α,small-d(ǫ) and Φ
BB
4α,small-d(ǫ)
states can be expressed as
|ΦBB3α,small-d(ǫ)〉 =
∏
χ
(1 + ǫa†2+2,χb
†
1+1,χ)(1− ǫa†2−2,χb†1−1,χ)|0〉oblateF , (23)
|0〉oblateF ≡
∏
χ
(
a†00,χa
†
1−1,χa
†
1+1,χ
)
|−〉, (24)
and
|ΦBB4α,small-d(ǫ)〉 =
∏
χ
(1 + ǫa†2+1,χb
†
1+1,χ)(1 + ǫa
†
2−1,χb
†
1−1,χ)|0〉sphericalF , (25)
|0〉sphericalF ≡
∏
χ
(
a†00,χa
†
10,χa
†
1−1,χa
†
1+1,χ
)
|−〉, (26)
where χ = τσ, a†lm,χ and b
†
lm,χ are the particle and hole operators for the single-particle φlmXτσ state, respectively,
and |0〉oblateF and |0〉sphericalF are the oblate and spherical states in the p-shell, which are the d→ 0 limit of 3α and 4α
systems, respectively. Here, b†lm,χ is defined using the annihilation operator al−m,χ as b
†
lm,χ = al−m,χ. Equations (23)
and (25) indicate that the 3α- and 4α-cluster wave functions contain the DW-type particle-hole correlations carrying
the finite angular momenta of λ|µ| = 33 and 32, which are consistent with the angular momenta of Y ±33 and Y ±23
components contained in the surface density in (18) and (21), respectively.
D. Role of Pauli blocking in triangle and tetrahedral shapes
By contrast to 12C(0+1 ) with the triangle configuration, the second 0
+ state of 12C is considered to be a cluster
gas state where 3 α clusters are freely moving in dilute density like a gas without any geometric configurations [7–
10, 12, 27]. It means that two kinds of 3α-cluster states appear in 12C; the triangle state with localized α clusters
and the cluster gas state with nonlocalized α clusters. From the viewpoint of symmetry breaking, the symmetry is
broken to the D3h in the 0
+
1 state, and seems to be restored in the 0
+
2 state.
The origin of the symmetry breaking and that of the restoration in the 3α states can be understood by Pauli
blocking between α clusters as follows. Let us here discuss the Pauli blocking effect on the α-cluster motion, in
particular, its angular motion. The BB 3α-cluster wave function ΦBB3α (S1,S2,S3) expresses the localized cluster state,
in which α clusters are located around positions S1, S2, and S3. We assume that 2 α clusters placed at S1 = (0, d/2, 0)
and S2 = (0,−d/2, 0) form a 2α core and the third α is placed at S3 = (x, y, 0) = (r cosϕ, r sinϕ, 0) (Fig. 8(b)). Here
we define the intrinsic frame so that the x-y plane contains S1, S2, and S3.
In order to discuss Pauli blocking effect for the angular motion of the third α cluster around the 2α core, we show
in Fig. 8(a) the norm N3α of the BB 3α-cluster wave function defined as
N3α(x, y) ≡ N˜3α(x, y)N˜3α(
√
x2 + y2, 0)
, (27)
N˜3α(x, y) ≡ 〈Φ˜BB3α (S1,S2,S3)|Φ˜BB3α (S1,S2,S3)〉, (28)
Φ˜BB3α (S1,S2,S3) = A{Φα(S1)Φα(S2)Φα(S3)} . (29)
The norm N3α is normalized by the value at ϕ = 0 on the x-axis for each r, and N3α ∼ 0 and N3α ∼ 1 mean strong
and weak Pauli blocking, respectively, for the angular motion of the third α cluster. In the small r region, N3α is much
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suppressed in the ϕ 6= 0 region because of the antisymmetrization effect. It means that, in the small r region, the third
α cluster feels the strong Pauli blocking from the 2α core on the y-axis, which blocks the angular motion of the third
α and localize it well at ϕ = 0 on the x-axis (see Fig. 8(c)). This corresponds to the localized 3α-cluster state with
a triangle configuration. Namely, in a compact 3α state, the triangle configuration is favored because of the strong
Pauli blocking effect between α clusters. By contrast, in the large r region, N3α is nearly equal to 1 independently
from φ indicating that the third α cluster is almost free from the Pauli blocking (Fig. 8(d)). It corresponds to the
nonlocalized cluster state. These are the reasons for appearances of the localized and nonlocalized cluster states.
The 12C(0+1 ) state contains dominantly the compact 3α component in the strong Pauli blocking regime, in which
the triangle configuration is favored because of the Pauli blocking between α clusters. In the 12C(0+2 ), α clusters
spatially develop and can move freely like a gas in the weak Pauli blocking regime. In the case of 16O, the tetrahedral
configuration is favored in a compact 4α state owing to the same mechanism of the Pauli blocking effect between α
clusters.
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FIG. 8: (a) shows the norm N3α for the BB 3α-cluster wave function plotted on the x-y plane for the third α position. The
N3α ∼ 0 and N3α ∼ 1 regions correspond to strong and weak Pauli blocking regions, respectively, for the angular motion. (b)
shows the third α position around the 2α on the y-axis. (c) shows a schematic for the small r case corresponding to a compact
3α state, and (d) shows a schematic for the large r case.
V. SUMMARY
We investigated intrinsic shapes of the 0+1 and 3
−
1 states of
12C and 16O. The intrinsic states of 12C and 16O
obtained using the AMD+VAP method show the triangle and tetrahedral shapes, respectively, because of the α-
cluster correlations. The formation of α clusters in these states was confirmed in the AMD framework, in which we
treated nucleon degrees of freedom without a priori assuming existence of clusters. The surface density shows the
λ = 3 oscillation as the leading component, which is associated with the D3h and Td symmetry.
Comparing the intrinsic structures between the 0+1 and 3
−
1 states, we discussed whether these two states can be
understood as a set of parity partners. 16O(0+1 ) and
16O(3−1 ) have tetrahedral intrinsic shapes similar to each other
and can be understood as a set of parity partners constructed from the rigid intrinsic state with the tetrahedral shape.
Because of the tetrahedral intrinsic shape, the B(E3; 3−1 → 0+1 ) in 16O is significantly large. By contrast, 12C(0+1 )
and 12C(3−1 ) can not be understood as ideal parity partners as
12C(3−1 ) has the triangle shape with a much larger
size than 12C(0+1 ). Moreover, we found the large shape fluctuation, mainly, the amplitude fluctuation of the triangle
shape in 12C(0+1 ) and
12C(3−1 ) originating in softness of the triangle 3α structure. The B(E3) for
12C is enhanced
because of the amplitude fluctuation in 12C(0+1 ).
Based on simple analyses using the BB 3α- and 4α-cluster model wave functions, we showed the connection of
triangle 3α and tetrahedral 4α states with surface DWs caused by the particle-hole correlations carrying the wave
number λ = 3 on the Fermi surface. It means that the oscillating surface density in the triangle and tetrahedral shapes
is associated with the instability of Fermi surface and is related to the spontaneous symmetry breaking because of the
12
many-body correlation. Pauli blocking between α clusters plays an important role in the appearances of the triangle
and tetrahedral configurations in 3α and 4α systems, respectively.
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